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We characterize the polygamy nature of quantum entanglement in multi-party systems in terms
of q-expectation value for the full range of q ≥ 1. By investigating some properties of generalized
quantum correlations in terms of q-expectation value and Tsallis q-entropy, we establish a class
of polygamy inequalities of multi-party quantum entanglement in arbitrary dimensions based on
q-expected entanglement measure. As Tsallis q-entropy is reduced to von Neumann entropy, and q-
expectation value becomes the ordinary expectation value when q tends to 1, our results encapsulate
previous results of polygamy inequalities based on von Neumann entropy as special cases.
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I. INTRODUCTION
Quantum entanglement is a quintessential phe-
nomenon of quantum mechanics showing the non-local
nature of quantum states in multi-party quantum sys-
tems. As a quantum correlation among distinct parties,
entanglement plays a central role in quantum informa-
tion and computation theory with many applications [1–
3]. Thus it has been an important and even challenging
task to have a proper way of quantifying entanglement to
understand full characteristics of quantum entanglement
in various quantum systems.
One property that makes quantum entanglement fun-
damentally different from other classical correlations
is the restricted shareability and distribution of en-
tanglement in multi-party quantum systems, namely,
monogamy and polygamy relations of quantum entan-
glement [4, 5]. Mathematically, the monogamy of quan-
tum entanglement has been characterized as monogamy
inequalities using various entanglement measures [6–11].
These monogamy inequalities of entanglement show the
mutually exclusive structures of entanglement shareabil-
ity in multi-party quantum systems. The polygamy re-
lation of quantum entanglement was also quantitatively
characterized as polygamy inequalities in multi-party
quantum systems [12–14].
By using the concept of q-expectation value for any
nonnegative real parameter q, von Neumann entropy
can be generalized into a one-parameter class of en-
tropy functions, namely Tsallis q-entropy [15, 16]. Be-
cause q-expectation value is theoretically consistent with
the minimum cross-entropy principle, Tsallis q-entropy is
considered to be more relevant to nonextensive statistical
mechanics [17, 18]. Tsallis q-entropy can also be used to
characterizes classical statistical correlations inherent in
quantum states [19, 20].
In quantum entanglement theory, Tsallis q-entropy can
be used to define a faithful entanglement measure be-
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cause the property of entanglement monotone is guaran-
teed by the concavity of Tsallis q-entropy for q > 0 [21].
It is also known that some conditions on separability cri-
teria of quantum states can be established based on Tsal-
lis q-entropy [22–24].
Here, we characterize the polygamy relation of quan-
tum entanglement in multi-party systems in terms of q-
expectation value for the full range of q ≥ 1. We first
recall the generalized definitions of various classical and
quantum correlations in terms of Tsallis q-entropy and
q-expectation value. By investigating some properties of
generalized correlations in relation to classical-classical-
quantum(ccq) states, we establish a class of polygamy
inequalities of multi-party quantum entanglement in ar-
bitrary dimensions in terms of the q-expected entangle-
ment measure.
Due to the existence of equivalence among the
monogamy and polygamy inequalities of q-expected
quantum correlations [25], our results also guarantee
several classes of monogamy and polygamy inequalities
about q-expected entanglement and discord distributed
in three-party quantum systems. As Tsallis q-entropy
is reduced to von Neumann entropy, and q-expectation
value becomes the ordinary expectation value when q
tends to 1, our results encapsulate previous results of
polygamy inequalities based on von Neumann entropy as
special cases.
This paper is organized as follows. In Sec. II, we re-
call the definitions and properties of q-expected classical
and quantum correlations in terms of Tsallis q-entropy
and q-expectation value. In Sec. III A, we provide the
definition of a ccq state in four-party quantum systems,
and its properties related with the q-expected correla-
tions. In Sec. III B, we provide analytic upper and lower
bounds of q-expected correlations in accordance with the
ccq states for q ≥ 2. In Sec. IV, we establish a class
of polygamy inequalities of multi-party quantum entan-
glement in arbitrary dimensions based on q-expected en-
tanglement measure q ≥ 1. Finally, we summarize our
results in Sec. V.
2II. q-EXPECTED QUANTUM CORRELATIONS
Based on the generalized logarithmic function
lnq x =
x1−q − 1
1− q , (1)
of the real parameter q with q ≥ 0 and q 6= 1, the Tsallis
q-entropy of a quantum state ρ is defined as [15, 16]
Sq (ρ) = −trρq lnq ρ. (2)
Tsallis q-entropy is concave for any nonnegative real pa-
rameter q ≥ 0, and it converges to von Neumann entropy
as q tends to 1,
lim
q→1
Sq (ρ) = −trρ ln ρ =: S (ρ) . (3)
For a quantum state ρ with the spectrum {λi}i [26],
its Tsallis q-entropy can be written as
Sq (ρ) = −
∑
i
λqi lnq λi, (4)
that is, the q-expectation value of the generalized loga-
rithms. Thus, Tsallis q-entropy is a one-parameter gen-
eralization of von Neumann entropy based on the concept
of q-expectation value for nonnegative real parameter q.
Using Tsallis q-entropy and the concept of q-
expectation value, a class of bipartite entanglement mea-
sures has been introduced; for q ≥ 0 and a bipartite pure
state |ψ〉AB, its q-expected entanglement(q-E) is defined
as [25]
Eq (|ψ〉AB) = Sq(ρA), (5)
where ρA = trB|ψ〉AB〈ψ| is the reduced density matrix
of ρAB on subsystem A. For a bipartite mixed state ρAB,
its q-E is defined as the minimum q-expectation value
Eq (ρAB) = min
∑
i
pqiEq(|ψi〉AB), (6)
over all possible pure state decompositions of ρAB,
ρAB =
∑
i
pi|ψi〉AB〈ψi|. (7)
As a dual quantity to q-E, q-expected entanglement of
assistance(q-EOA) was also defined as
Eaq (ρAB) = max
∑
i
pqiEq(|ψi〉AB), (8)
where the maximum is taken over all possible pure state
decompositions of ρAB.
Tsallis q-entropy converges to von Neumann entropy
and the q-expectation value becomes ordinary expecta-
tion value when q tends to 1, therefore we have
lim
q→1
Eq (ρAB) =Ef (ρAB) (9)
and
lim
q→1
Eaq (ρAB) =E
a (ρAB) , (10)
where Ef (ρAB) is the entanglement of forma-
tion(EOF) [27], and Ea(ρAB) is the entanglement
of assistance(EOA) of ρAB [28].
Let us consider more generalized quantum correlations
based on q-expectation value and Tsallis q-entropy. For
q ≥ 0 and a probability ensemble E = {pi, ρi} of a quan-
tum state ρ (equivalently, a probability decomposition
ρ =
∑
i piρi denoted by E), its Tsallis-q difference is de-
fined as [29]
χq (E) = Sq (ρ)−
∑
i
pqiSq (ρi) . (11)
Tsallis-q difference is nonnegative for q ≥ 1 due to the
concavity of Tsallis q-entrop, and it converges to the
Holevo quantity
lim
q→1
χq (E) = S (ρ)−
∑
i
piS (ρi) =: χ (E) , (12)
as q tends to 1.
For a bipartite quantum state ρAB, each measurement
{MxB} applied on subsystem B induces a probability
ensemble E = {px, ρxA} of the reduced density matrix
ρA = trAρAB in the way that
px = tr[(IA ⊗MxB)ρAB ] (13)
is the probability of the outcome x and
ρxA = trB[(IA ⊗MxB)ρAB]/px (14)
is the state of system A when the outcome was x. The
one-way classical q-correlation (q-CC) [25] of a bipartite
state ρAB is defined as the maximum Tsallis-q difference
J←q (ρAB) = maxE χq (E) (15)
over all possible ensemble representations E of ρA induced
by measurements on subsystem B.
As a dual quantity to q-CC, the one-way unlocalizable
q-entanglement(q-UE) [29] is defined by taking the min-
imum Tsallis-q difference
uE←q (ρAB) = minE
χq (E) , (16)
over all probability ensembles E of ρA induced by rank-1
measurements on subsystem B. Due to the continuity of
Tsallis-q difference with respect to q, we have
lim
q→1
J←q (ρAB) =J←(ρAB) (17)
and
lim
q→1
uE←q (ρAB) =uE
←(ρAB), (18)
3where J←(ρAB) is the one-way classical correla-
tion(CC) [30] and uE←(ρAB) is one-way unlocalizable
entanglement(UE) [13] of the bipartite state ρAB.
The following proposition shows the trade-off relations
between q-CC and q-E as well as q-UE and q-EOA dis-
tributed in three-party quantum systems.
Proposition 1. [25] For q ≥ 1 and a three-party
pure state |ψ〉ABC with its reduced density matrices
ρAB = trC |ψ〉ABC〈ψ|, ρAC = trB|ψ〉ABC〈ψ| and ρA =
trBC |ψ〉ABC〈ψ|, we have
Sq(ρA) = J←q (ρAB) + Eq (ρAC) (19)
and
Sq(ρA) = uE
←
q (ρAB) + E
a
q (ρAC) . (20)
The concept of q-expectation and Tsallis-q entropy are
also used to generalize quantum discord [31], a different
kind of quantum correlation. For q ≥ 0 and a bipar-
tite quantum state ρAB, its Tsallis-q mutual entropy is
defined as
Iq (ρAB) = Sq (ρA) + Sq (ρB)− Sq (ρAB) , (21)
which generalizes the quantum mutual information
I (ρAB) =S(ρA) + S(ρB)− S(ρAB) (22)
in a way that
lim
q→1
Iq (ρAB) = I (ρAB) . (23)
For a bipartite state ρAB, its quantum q-discord(q-
D)[32] is defined by the difference between its Tsallis-q
mutual entropy and q-CC,
δ←q (ρAB) = Iq (ρAB)− J←q (ρAB). (24)
We note that q-D is a generalization of the quantum dis-
cord δ←(ρAB) as
lim
q→1
δ←q (ρAB) = I (ρAB)− J←(ρAB) =: δ←(ρAB). (25)
Moreover, the duality between q-CC and q-UE provides
us with a dual definition to q-D,
uδ←q (ρAB) = Iq (ρAB)− uE←q (ρAB). (26)
Eq. (26) is referred to as the one-way unlocalizable quan-
tum q-discord(q-UD) of ρAB [25], which is a generaliza-
tion of one-way unlocalizable quantum discord(UD) [33]
uδ←(ρAB) = I (ρAB)− uE←(ρAB). (27)
The following proposition provides a trade-off rela-
tion between quantum entanglement(q-UE) and quan-
tum discord(q-UD) distributed in three-party quantum
systems.
Proposition 2. [25] For q ≥ 1 and a three-party
pure state |ψ〉ABC with its reduced density matrices
ρAB = trC |ψ〉ABC〈ψ|, ρAC = trB |ψ〉ABC〈ψ| and ρA =
trBC |ψ〉ABC〈ψ|, we have
Sq(ρA) = uδ
←
q (ρBA) + uE
←
q (ρCA). (28)
III. SOME PROPERTIES OF q-EXPECTED
QUANTUM CORRELATIONS
In this section, we first consider a class of four-
party classical-classical-quantum(ccq) states and their q-
expected correlations. By assuming the subadditivity of
Tsallis-q mutual entropy for this class of ccq states, we
provide an analytic upper bound for q-UE as well as a
lower bound for q-UD.
A. Classical-Classical-Quantum States
For a two-qudit state ρAB, let us consider a spectral de-
composition of the reduced density matrix ρB = trAρAB
such that
ρB =
d−1∑
i=0
λi|ei〉B〈ei|. (29)
Based on the eigenvectors {|ej〉B} of ρB, generalized d-
dimensional Pauli operators can be defined as
Z =
d−1∑
j=0
ωjd|ej〉〈ej|, X =
d−1∑
j=0
ω−jd |e˜j〉〈e˜j |, (30)
where ωd = e
2pii
d is the dth-root of unity, and {|e˜j〉B} is
the d-dimensional Fourier basis,
|e˜j〉 = 1√
d
d−1∑
k=0
ωjkd |ek〉, j = 0, . . . , d− 1, (31)
with respect to the eigenvectors {|ej〉B} of ρB. By using
the Pauli operators in Eq. (30), we define two quantum
operations acting on any d-dimensional quantum state σ
as
M0(σ) =
1
d
d−1∑
b=0
ZbσZ−b, M1(σ) =
1
d
d−1∑
a=0
XaσX−a.
(32)
For the two-qudit state ρAB whose reduced density ma-
trix is ρB in Eq. (29), the actions of the channelsM0 and
M1 applied on the subsystem B are
(IA ⊗M0)(ρAB) =
d−1∑
i=0
σiA ⊗ λi|ei〉B〈ei| (33)
4and
(IA ⊗M1)(ρAB) =
d−1∑
j=0
τ jA ⊗
1
d
|e˜j〉B〈e˜j |, (34)
where λiσ
i
A = trB[(IA ⊗ |ei〉B〈ei|)ρAB] and τ jA/d =
trB[(IA ⊗ |e˜j〉B〈e˜j |)ρAB] for i, j ∈ {0, · · · , d− 1}. Thus
the ensembles of subsystem A induced by the action of
the channels M0 and M1 from Eqs. (33) and (34) are
E0 = {λi, σiA}i, E1 = {
1
d
, τ jA}j, (35)
respectively. Equivalently, we can say that each of the
rank-1 measurements {|ei〉B〈ei|} and {|e˜j〉B〈e˜j |} on sub-
system B of ρAB induces the ensembles E0 and E1 of
subsystem A, respectively.
Now, let us consider a four-qudit ccq-state ΩXY AB
ΩXYAB =
1
d2
d−1∑
x,y=0
|x〉X〈x| ⊗ |y〉Y 〈y|
⊗ (IA ⊗XxBZyB)ρAB(IA ⊗ Z−yB X−xB ),
(36)
with the reduced density matrices
ΩXAB =
1
d
d−1∑
x=0
|x〉X〈x| ⊗XxB
(
d−1∑
i=0
σiA ⊗ λi|ei〉B〈ei|
)
X−xB
(37)
and
ΩY AB =
1
d
d−1∑
y=0
|y〉Y 〈y| ⊗ ZyB

d−1∑
j=0
τ jA ⊗
1
d
|e˜j〉B〈e˜j |

Z−yB .
(38)
It is straightforward to verify that the Tsallis-q mutual
entropies of ΩXYAB, ΩXAB and ΩY AB in Eqs. (36), (37)
and (38) are [29]
Iq (ΩXY :AB) =d
1−q − 1
1− q + d
1−qSq (ρA)− d2(1−q)Sq (ρAB) ,
(39)
Iq (ΩX:AB) =d
1−q − 1
1− q − d
1−qSq (ρB) + d1−qχq(E0)
(40)
and
Iq (ΩY :AB) = (1− d1−q)d
1−q − 1
1− q + d
1−qχq(E1). (41)
B. Upper and Lower Bounds
Theorem 1. For q ≥ logd
(
1+
√
5
2
)
+1 and any two-qudit
state ρAB, we have
uE←q (ρAB) ≤
Iq (ρAB)
2
(42)
and
uδ←q (ρAB) ≥
Iq (ρAB)
2
(43)
conditioned on the subadditivity of Tsallis-q mutual en-
tropy for the ccq states in Eq. (36), that is,
Iq (ΩXY :AB) ≥ Iq (ΩX:AB) + Iq (ΩY :AB) . (44)
Proof. For a two-qudit state ρAB and its four-party ccq
state defined in Eq. (36), Eqs. (39), (40) and (41) enable
us to rewrite Inequality (44) as
χq(E0) + χq(E1) ≤Sq (ρA) + Sq (ρB)
− d1−qSq (ρAB) +
(
d1−q − 1)2
d1−q(1− q) . (45)
Now we note that the Tsallis-q differences χq(E0) and
χq(E1) for the ensembles E0 and E1 in Eq. (35) can
be obtained from ρAB by measuring its subsystem B
with respect to the rank-1 measurements {|ei〉B〈ei|}i and{|e˜j〉B〈e˜j |}j , respectively. From the definition of q-UE in
Eq. (16), we also note that each of rank-1 measurement
{|ei〉B〈ei|}i and {|e˜j〉B〈e˜j |}j provides an upperbound of
q-UE as
uE←q (ρAB) ≤ χq(E0) (46)
and
uE←q (ρAB) ≤ χq(E1). (47)
Because Inequalities (46) and (47) imply
uE←q (ρAB) ≤
χq(E0) + χq(E1)
2
, (48)
Inequalities (45) and (48) enable us to have
uE←q (ρAB) ≤
Iq (ρAB)
2
+
1
2
[
(1− d1−q)Sq (ρAB) +
(
d1−q − 1)2
d1−q(1 − q)
]
.
(49)
To prove Inequality (42), it is now sufficient to show that
(1− d1−q)Sq (ρAB) +
(
d1−q − 1)2
d1−q(1− q) ≤ 0. (50)
5For q ≥ 1, we have 1−d1−q ≥ 0. Moreover, the Tsallis
q-entropy attains its maximal value for the maximally
mixed state,
Sq (ρAB) ≤ Sq
(
IAB
d2
)
=
1− d2(1−q)
q − 1 , (51)
therefore we have
(1− d1−q)Sq (ρAB) +
(
d1−q − 1)2
d1−q(1− q)
≤ (1− d
1−q)2
q − 1
[
1 + d1−q − dq−1] . (52)
The non-positivity of the right-hand side of Inequal-
ity (52) is equivalent to
1 + d1−q − dq−1 ≤ 0, (53)
which can be rewritten as
q ≥ logd
(
1 +
√
5
2
)
+ 1 (54)
for nonnegative q.
Inequality (43) is then a one step consequence of In-
equality (42) together with the definition of q-UD in
Eq. (26).
For q = 1, Inequalities (42) and (43) are reduced to
uE←(ρAB) ≤ I (ρAB)
2
, uδ←(ρAB) ≥ I (ρAB)
2
, (55)
respectively, whereas the condition in (44) is reduced to
the subadditivity of quantum mutual information
I (ΩXY :AB) ≥ I (ΩX:AB) + I (ΩY :AB) . (56)
In fact, Inequality (56) was shown to be true for any ccq
state in general [29]. Moreover, Inequalities (55) are also
shown to be true for any quantum state ρAB [13, 33].
Thus Theorem 1 is true for q = 1 without any condition.
The lower bound(the right-hand side) of Inequal-
ity (54) tends to 1 as d is getting large. Thus Theorem 1 is
true for the most range of q ≥ 1 if d is large enough, that
is, large dimensional quantum systems. Although the
proof method that we used here is not sufficient to guar-
antee the validity of Theorem 1 for 1 < q < logd
(
1+
√
5
2
)
,
we conjecture that Theorem 1 is true for any q larger than
or equal to 1.
We also note that any bipartite quantum state can be
considered as a two-qudit state where d is the dimen-
sion of larger dimensional subsystem. Moreover, we also
have logd
(
1+
√
5
2
)
≤ 1 for any d ≥ 2, Thus we have the
following corollary.
Corollary 1. For q ≥ 2 and any bipartite quantum state
σAB, we have
uE←q (σAB) ≤
Iq (σAB)
2
(57)
and
uδ←q (σAB) ≥
Iq (σAB)
2
(58)
conditioned on the subadditivity of Tsallis-q mutual en-
tropy for the ccq state in terms of σAB .
IV. POLYGAMY OF q-EXPECTED
ENTANGLEMENT IN MULTI-PARTY
QUANTUM SYSTEMS
In this section, we provide the polygamy inequalities of
q-expected quantum entanglement distributed in multi-
party quantum systems for q ≥ 1 conditioned on the
subadditivity of Tsallis-q mutual entropy for ccq states.
The following theorem shows the polygamy inequality of
q-EOA in three-party quantum systems.
Theorem 2. For q ≥ 1, and any three-party pure
state |ψ〉ABC with its two-party reduced density matri-
ces trC |ψ〉ABC〈ψ|ABC = ρAB and trB |ψ〉ABC〈ψ|ABC =
ρAC, we have
Eq
(
|ψ〉A(BC)
)
≤Eaq (ρAB) + Eaq (ρAC) , (59)
conditioned on the subadditivity of Tsallis-q mutual en-
tropy for the ccq states in Eq. (36), where Eq
(
|ψ〉A(BC)
)
is the q-E of the pure state |ψ〉ABC with respect to the bi-
partition between A and BC
Proof. For a three-party quantum state |ψ〉ABC , the uni-
versality of Eq. (20) of Proposition 1 leads us to
Sq(ρA)− uE←q (ρAC) = Eaq (ρAB) (60)
and
Sq(ρA)− uE←q (ρAB) = Eaq (ρAC) , (61)
therefore we have
2Sq(ρA)−(uE←q (ρAB) + uE←q (ρAC))
= Eaq (ρAB) + E
a
q (ρAC) . (62)
We also note that |ψ〉ABC can be assumed to be a three-
qudit state, otherwise, we can always consider an imbed-
ded image of |ψ〉ABC into a higher dimensional quantum
system having the same dimensions of subsystems.
As we have already seen in the proof of Theorem 1, the
subadditivity condition for ccq states leads us to Inequal-
ity (45), and this enables us to have an upper bound of
6uE←q (ρAB) as in Inequality (49), which can be rewritten
as
uE←q (ρAB) ≤
1
2
[Sq (ρA) + Sq (ρB)
− d1−qSq (ρAB) +
(
d1−q − 1)2
d1−q(1− q) ]. (63)
For the two-qudit reduced density matrix ρAC , we also
analogously have
uE←q (ρAC) ≤
1
2
[Sq (ρA) + Sq (ρC)
− d1−qSq (ρAC) +
(
d1−q − 1)2
d1−q(1 − q) ]. (64)
From Inequality (62) together with inequalities (63)
and (64), we have
Sq(ρA) +
1
2
(ΞB + ΞC) ≤ Eaq (ρAB) + Eaq (ρAC) (65)
where
ΞB =
dq−1 − 1
dq−1
[
dq−1 − 1
q − 1 − Sq (ρB)
]
(66)
and
ΞC =
dq−1 − 1
dq−1
[
dq−1 − 1
q − 1 − Sq (ρC)
]
. (67)
For q ≥ 1, we have dq−1−1
dq−1
≥ 0. Moreover,the Tsallis
q-entropy attains its maximal value for the maximally
mixed states,
Sq (ρB) ≤ Sq
(
IB
d
)
=
1− d(1−q)
q − 1 ≤
d(q−1) − 1
q − 1 , (68)
and this implies the nonnegativity of ΞB. The nonnega-
tivity of ΞC can be analogously obtained, therefore
ΞB ≥ 0, ΞC ≥ 0. (69)
Because Eq
(
|ψ〉A(BC)
)
= Sq(ρA), Inequality (65) to-
gether with the inequalities in (69) implies Inequal-
ity (59), which completes the proof.
When q tends to 1, q-EOA is reduced to EOA as in
Eq. (10), whereas the subadditivity of quantum mutual
information in Inequality (56) was shown to be true for
any ccq state in general [29]. Thus Theorem 2 encapsu-
lates the results of general polygamy inequality of three-
party entanglement in terms of EOA [13].
For any three-party quantum state |ψ〉ABC , it was re-
cently shown that the polygamy inequality of q-EOA
in (59) is a necessary and sufficient condition for the
monogamy inequality of q-UE as well as the polygamy
inequality of q-UD for q ≥ 1 [25]. Thus we have the
following corollary.
Corollary 2. For q ≥ 1, and any three-party pure state
|ψ〉ABC , we have
uE←q (|ψ〉A(BC)) ≥ uE←q (ρAB) + uE←q (ρAC), (70)
and
uδ←q
(
|ψ〉A(BC)
)
≤uδ←q (ρAB) + uδ←q (ρAC), (71)
conditioned on the subadditivity of Tsallis-q mutual en-
tropy for the ccq state in Eq. (36).
Now, we generalize Theorem 2 for an arbitrary multi-
party quantum system.
Theorem 3. For q ≥ 1, and any multi-party quantum
state ρA1A2···An with two-party reduced density matrices
ρA1Ai for i = 2, · · · , n, we have
Eaq
(
ρA1(A2···An)
) ≤ n∑
i=2
Eaq (ρA1Ai) , (72)
conditioned on the subadditivity of Tsallis-q mutual en-
tropy for the ccq states in Eq. (36).
Proof. We first prove the theorem for any three-party
mixed state ρABC , then the validity of the theorem for
an arbitrary n-party quantum state ρA1A2···An follows in-
ductively.
For a three-party mixed state ρABC , let us consider an
optimal decomposition of ρABC for q-EOA with respect
to the bipartition between A and BC, that is,
ρABC =
∑
i
pi|ψi〉ABC〈ψi|, (73)
with
Eaq
(
ρA(BC)
)
=
∑
i
pqiEq
(
|ψi〉A(BC)
)
. (74)
From Theorem 2, each |ψi〉ABC in Eq. (74) satisfies
Eq
(
|ψi〉A(BC)
)
≤ Eaq
(
ρiAB
)
+ Eaq
(
ρiAC
)
(75)
with ρiAB = trC |ψi〉ABC〈ψi| and ρiAC = trB |ψi〉ABC〈ψi|,
For each i and the two-qudit reduced density matrices
ρiAB and ρ
i
AC , let us consider their optimal decomposi-
tions for q-EOA, that is,
ρiAB =
∑
j
rij
∣∣φij〉AB〈φij∣∣ , ρiAC = ∑
l
sil
∣∣µil〉AB〈µil∣∣,
(76)
such that
Eaq
(
ρiAB
)
=
∑
j
rqijEq
(∣∣φij〉AB
)
Eaq
(
ρiAC
)
=
∑
l
sqilEq
(∣∣µil〉AB) . (77)
Now, we have
7Eaq
(
ρA(BC)
)
=
∑
i
pqiEq
(
|ψi〉A(BC)
)
≤
∑
i
pqi
(
Eaq
(
ρiAB
)
+ Eaq
(
ρiAC
))
=
∑
i
pqi

∑
j
rqijEq
(∣∣φij〉AB
)
+
∑
l
sqilEq
(∣∣µil〉AB)


=
∑
i,j
(pirij)
q
Eq
(∣∣φij〉AB
)
+
∑
i,l
(pisil)
q
Eq
(∣∣µil〉AB)
≤Eaq (ρAB) + Eaq (ρAC) , (78)
where the first inequality is from Inequality (75), and the
second inequality is due to
ρAB =
∑
i
piρ
i
AB =
∑
i,j
pirij
∣∣φij〉AB〈φij∣∣,
ρAC =
∑
i
piρ
i
AC =
∑
i,l
pisil
∣∣µil〉AB〈µil∣∣ (79)
and the definition of q-EOA in Eq. (8). Thus Inequal-
ity (72) is true for three-party mixed states.
For general multi-party quantum system, we use the
mathematical induction on the number of parties n; let
us assume the polygamy inequality (72) is true for any
(n − 1)-party quantum state, and consider an n-party
quantum state ρA1A2···An for n ≥ 4. By considering
ρA1A2···An as a three-party state with respect to the par-
tition A1, A2 and A3 · · ·An, Inequality (78) leads us to
Eaq
(
ρA1(A2···An)
) ≤Eaq (ρA1A2) + Eaq (ρA1(A3···An)) (80)
where ρA1A3···An = trA2ρA1A2···An .
Because ρA1A3···An in Inequality (80) is a (n−1)-party
quantum state, the induction hypothesis assures that
Eaq
(
ρA1(A3···An)
) ≤ Eaq (ρA1A3) + · · ·+ Eaq (ρA1An) .
(81)
Thus Inequalities (80) and (81) lead us to the polygamy
inequality of multi-party entanglement in terms of q-EOA
in (72).
As q-EOA is reduced to EOA when q tends to 1, and
due to the the subadditivity of quantum mutual informa-
tion for CCQ states, Theorem 3 encapsulates the results
of general polygamy inequality of multi-party entangle-
ment in terms of EOA [14].
V. CONCLUSION
We have characterized the polygamy property of multi-
party quantum entanglement in terms of q-expectation
value for the full range of q ≥ 1. By using the generalized
definitions of various classical and quantum correlations
in terms of Tsallis q-entropy and q-expectation value, we
have first provided some properties of q-expected cor-
relations in relation to classical-classical-quantum(ccq)
states. Based on these properties, we have established
a class of polygamy inequalities of multi-party quantum
entanglement in arbitrary dimensions in terms of q-EOA.
Due to the equivalence between the monogamy of q-
UE and polygamy of q-EOA and q-UD, our results also
guarantee the monogamy inequality of q-UE as well as the
polygamy inequality of q-UD distributed in three-party
quantum systems. We also note that, from the continuity
of q-expectation value as well as Tsallis q-entropy, our
results encapsulate the previous results of monogamy and
polygamy inequalities based on von Neumann entropy as
special cases.
Studying multi-party quantum correlations, especially
in higher dimensions more than qubits, is important
and necessary for various reasons. In many quantum
information processing tasks such as quantum commu-
nication and quantum cryptography, higher-dimensional
quantum systems are sometimes considered to be more
useful because they can provide higher coding density
and thus stronger security compared with qubit systems.
We also note that the monogamy and polygamy prop-
erties of multi-party entanglement play a central role in
quantum cryptography because they can bound the pos-
sible amount of correlation between the authenticated
users and the eavesdropper; the fundamental concept of
the security proof. Thus our results about monogamy
and polygamy inequalities of q-expected quantum corre-
lations in arbitrary high-dimensional quantum systems
can provide good methods and rich references for the
foundation of many secure quantum information process-
ing tasks.
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